A collective Hamiltonian for deformed even nuclei is supposed to be composed of the vibrational energy Tv1b, the rotational energy Trot and a potential term V. A theory for deformed nuclei is developed on the following standpoints:
Since the existence of rotational and vibrational levels in deformed nuclei ~was first shown by Bohr 11 based on the liquid drop model, various theories have been developed on the ground of his Hamiltonian. Those theories haYe achieved partly successes, though they have respective defects as mentioned later.
The purpose of this paper is to explain the level energies of the ground state rotational band (gsb), the ;:?-vibrational band (JJ'-band) and the K = 2 band simultaneously and to explain the relative B (E2) values between these bands.
A theory for deformed nuclei is developed on the following standpoints:
(1) vVe assume that the centrifugal stretching of the nucleus is not so large.
(2) The 1mclear motion is treated analogously to the molecular motion: The method used in the diatomic molecular motion 21 is applied.
(3) A simple Hamiltonian is used to explain the nuclear collective motion phenomenologically.
Some parts of the Bohr Hamiltonian are modified and the total Hamiltonian is written as (1·1) Potential F (;:?, r) 1s required to be an analytic function 3 J of /1 2 and r1'cos 3r. Taking the standpoint (1) into consideration, we put
(1· 2)
The term ($-$e) 4 instead of (i:I-/Je) 3 in (1·2) suppresses the nuclear stretchDownloaded from https://academic.oup.com/ptp/article-abstract/58/5/1388/1910069 by guest on 09 February 2019 ing on nuclear motion. Assuming that the individuality of the {3-and the rvibrations kept, in expression (1· 2) the coupling between the (3-and the r-vibrations is omitted. The mean value f3c of the rotating nucleus is not quite equal to f3e, but increases somewhat. The mean value f3c is discussed in § 3.
The standpoint (2) includes the following assumption that the nuclear matter taking part in rotation is small fraction of nucleus, as was pointed out by Bohr. D This part of nucleus Is estimated to be about 20% of the total nucleus. Details are discussed in § 3. We assume that, m a well deformed nucleus, there are (3-and r-vibrational states with K = 0, where K is the projection of the total angular momentum I.
If the rotation-vibration coupling in the Bohr Hamiltonian is taken into account, a large centrifugal stretching results, which is not in agreement with experiment. As a first step, the rotation and the vibrations are treated adiabatically, the coupling between the rotation and the {3-vibration is treated as a perturbation and the coupling between the rotation and the r-vibration is neglected because of the assumption that the energy of the r-vibration is very high. The wave equations of the {3-and the r-vibrations are treated on an equal footing.
We introduce the dependence of re on K. The Schrodinger equations for the {3-and the r-vibrations are solved around mean values f3e and re under the condition of a definite mass constant B. A state of the well deformed nucleus is specified by the vibrational quantum number np and n" and I and K.
Trot is separated into the diagonal and non-diagonal parts. The former is related to the rotational level energies and the latter is used as a perturbation term in the calculation of the level energies and the r-transitions, the perturbation giving rise to the mixing of the states L1I = 0, L1K = ± 2 and L1nr = ± 1, · · ·.
Many authors•hn have developed their theories from the standpoint of the liquid model. In these theories, it is hard to avoid an accompanying large increase of deformation with the increase of I. Barbrair et al. 5 l and Davidson 6 l have simplified the Bohr Hamiltonian on some assumptions, and obtained eigenvalue E=fiwrCNr+1), Nr=2N+tiKI. The solution of their equation for K=/=-0, however, does not satisfy the assumption r~ 0 imposed by them, so that their method is not self-consistent. They consider that the states K=2, I=2+, 3+, ··· correspond to the state N=O, Nr=1, and call them r-vibrarional band as other authors 1 ) do. But their theories have inconsistency as mentioned above. Furthermore, according to their theory, the state K =I= 0, Nr = 2 should be found in close proximity to the state K =I= 4, Nr = 2, because the state Nr = 2 contains the state N = 0, K = 4 and the state N = 1, K = 0. There is no definite experimental evidence.
Davydov and Filippov 8 l considered the nucleus an asymmetric rigid rotor and tried to explain collective states in the deformed region as well as in the spherical region. They were, however, unable to explain the excited o+ level. Davydov and Chaban 9 l and Davydov 10 l took the {3-and r-vibrations into consideration. Table I .
The idea that the nucleus is neither liquid drop-like nor rigid rotor-like, has been developed by several authors. w. 12 > In these models a nucleus is considered somewhat liquid-like, and the rotating part is considered to rotate bodily instead of an irrotational flow. The idea that the nuclear matter is not uniform as in the liquid drop but has a central core, has been adopted by Gupta. 12 > An idea of a central core was also proposed about twenty-five years ago by Yasaki and Miyatake13) in relation to the asymmetric :fission. § 2. Hamiltonian
In the Hamiltonian (1·1), Trot is given by (2 ·1) where the tzQ/s are projections of the total angular momentum operator on the principal nuclear axes, and (2·2)
Tvib Is approximately given by 
If eigenvalues of the {3-vibration are denoted by E~'~l, the energy E(O+") of the state (n13 =1,nr=K=I=O) is expressed as
From (2 · 8) and (2 ·10) we obtain 
( 2 ·13) Here, the approximation G(y) ~G(O) is used. The eigenfunction Vnr(y) and the eigenYalue E,;~l are expressed as
' .
Here, II" ( t) denotes the Hermite function of n-th order.
As for K = 0, if vve put le = 0, the following equation is obtained from (2 · 5):
( 2 ·15) where
Here, q' 1s the value of q corresponding to K = 0, ancl the approximation sin 3y ~ 3y is used. The eigenfunctions and the eigenYalues of (2 ·15) are given by (2 ·16) In both cases, the orthonormality condition is given by A rapid decrease of the wave function IJ(Y) with an mcrease of y owing to the bigness of aY and a, in (2 ·13), (2 -15) , respectively, guarantees the approximate orthogonality betvveen the wave functions corresponding to K=/=0 and K = 0.
3) Rotational part
Trot is separated into the diagonal part Tr 0 ot and the non-diagonal part U, As the {1-and the r-vibrational energies are assumed to be higher than the rotational energy, T/f:tv) instead of T:ot is used, in which the averaged moments of inertia < !J ") are substituted in place of !f" in expression (2 ·18).
(2·18')
.t=l (2. 20) The eigenvector of T/f:tv) is denoted by IIMK), where M is the component of I along the z-axis fixed in space. The eigenvalue of T/f:tv) is given by
The level energies of the K = 2 or K = 4 states, are obtained independently of the r-vibrational term in (1· 2) from (2 · 21) by substituting 2 or 4 for K,
The moments of inertia in (2 ·19) are not averaged except the factor {1 2 , because the subtraction term between the reciprocal of moments of inertia is contained and the term (Q1 2 -Q/) is related to the K-mixing.
The term U is treated as a perturbation term. The perturbation calculation is carried on to first order for wave function and second order for level energies, respectively.
4) Level energies
The eigenvalue of the unperturbed Hamiltonian E(np, n 70 K, I) and the level energy EnpnrKI are given by
For simplicity, the symmetrically deformed nucleus is treated in this section. We assume that the nucleus has a spherical core with radius nearly equal to the semiminor axis of the prolate spheroid. The nuclear matter which lies outside the central core is assumed to take part in rotation. The average distance from the centre of the nucleus to the rotating parts and the mass of them are denoted by r/2 and 4,tt, respectively. Similarly to the case of diatomic molecule, the equilibrium condition of the centrifugal force and the restoring force is written as l"vi. Toyama (3 ·1) ~where P denotes the angular momentum, h and 1/ are the restoring force constants, and rc and re are the values of r in rotating and non-rotating states, respectively. The rotational energy E is given by (3. 2) vVhen we assume the relations, (3. 3) the iollo,ving relations are obtained:
Ro, /) = /.JciV1 71 iiS!ll3Jr. (3. 6) From (3·4), we obtain Wc-/1e), where 1'1c 2 on the right-hand side 1s put equal to i1e'· Substituting the value of (fJc-f3e) into (3 · 5) , we obtain where
For simplicity, we put (sin'(r-IC(2/3)rc))=sin\te-IC(2/3)rr), and 0"11ii(J) is called softness parameter. The softness parameter 0" 118 (1) given by (3·9) for K=O, as an expedient, is used for the softness parameter for K=/=0. From (3 · 3) and (3 · 6) we get the relation 4pR0 2 = 3Bf3c' ivinp neglecting oR3
We). If the above relation is used in (3 · 7), \Ve obtain the follo,ving relation:
for the state (n,3 =nr=K=O, 1=2+) . The ratio of the nuclear matter taking part m rotation to the total nucleus Is given by 4,u AM (3 ·11) where 1vf and A denote the nucleon mass and mass number, respectively. We define R 0 = r 0 A 113 , and r 0 = 1.2 X 10-13 cm. The values of the 4,uj AA1 for nuclei in the region 152<A <186 are given in Table I . -++-t---r-,,---2 • ., -+-H--.-,---3.'
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Parameters p, q, J,, !1e, re and iJ are determined by the following conditions: Fig. 1 . Schematic level scheme of the cldormecl. nucleus.
(1) "\Vhen values of iJ and (je are known, the determination of pis equivalent to the determination of ax 2 as seen £rom (2 · 8) . The determination of iJ is given in (3) . The yalue of (leis obtained from the experimental value of the r-transition probability from the 2+ level to the 0 ,. lev·el. As mentioned in the preceding section, when the value of lc is given, the ya]ues of r 0, r 1 are obtained. Then the value of ax' is derived from (2 ·11) using the experimental value of E(O+").
(2) Concerning the parameters q and q' corresponding to K=f=O and K = 0, respectiv·ely. vve put the following assumption: The phonon energy of the r-vibration with K . 1 0 is equal to that of the r-v·ibration vvith K = 0. Then, the relation q=4q' is obtained.
The r-\·ibrational energy, i.e., the leYel energy of the state (nr = 1, n" = K ,-,]c. 0) is generally accepted to be more than 1.5 times as high as E(2''). \Ve put the second assumption that the leYel energy of the state (n,=1. n,~=K •=1~0) is V times of E"(2+'). From. (2·14), we obtain Hence q is determined by E 0 (2 '·') and v, when the value of iJ 1s known. (3) The determination of lJ is as follows: From (3 · 7) we obtain E(2) =BS0 (2) .
(4·2)
When l. and ct:x are given, the waYe function of /5'-v·ibration is obtained from (2 · 7) , and then the v-alue of 1\171$ is determined from (2 · 20) . From (3 · 8) , (3 · 9) Tables II, III Table VI comparing with experimental ones.
From (2·8), we obtain p'
The values of p' I p, V, le, re' and E ( 4 +)IE (2+) are shown in Table I .
For a nucleus in which the o+" level has not been found, the level energy Tables II, III , IV and VI. Pre. Cal. '"Er Exp.
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Cal. 1) The agreement between the calculated level energies and the experimental ones is good for the gsb. This means that our calculation reproduces well Y oshizawa's empirical formula 15 > Er=al+bP+cP with which !-dependence of the ground state rotational levels is well explained.
Toyama
For the K = 2 and 4 bands, as seen from Tables I, III and VI, level energies are explained by using respective values of Ye, though our calculated values are generally somewhat higher than the experimental ones. The reason for these discrepancies may be partly due to the application of the softness parameter determined in the gs b to the K = 2 and K = 4 bands.
As for the level energies of the ;1-band, the agreement is not clear, because of the small number of available experimental data. The calculated values seem to be somewhat higher than the experimental ones.
2) Calculated B(E2) ratios are shown in Table V and Fig. 2 . Our results are much improved m comparison with the squared ratios of Clebsch-Gordan coefficients. Especially, as seen from Fig. 2, experimental and theoretical values show a very similar trend of variation. Discrepancies between the theoretical and experimental values of the ratios (2+' --44+) I (2+' --42+) and (3+' --44+) I ( 3+' --42+) are not explained sufficiently. As for the difference of theoretical, from experimental, results of (3+' --44 +)I (3+' --42+), it will be partly due to the fact that the 3+' state is not affected by the perturbation.
Concerning the B(E2) ratios related to the levels of /1-band, improvement from the ratios of squared Clebsch-Gordan coefficients is not satisfactory, because the np-mixing is not taken into account in the perturbation calculation.
3) The steep increase of /1 accompanying with the increase of the spin I can be avoided by introducing the anharmonic term, not by the liquid model. The values of C/1c-/1e) I /1e vs I are shown in Fig. 3 .
As seen from Table I , the values of P'IP and E(4+)1E(2+) show a similar trend of variation for the change of the neutron number N with a few exceptions.
A similar relation between P'IP and E(1+)1E(2+), 1=6,8, ··· is recognized to hold. Experimental results show that E(O+") and E(4+)1E(2+) have a similar trend of variation for the change of N. Hence, it is conceived that the value of p' IP indicates the degree of stiffness of a nucleus in the nuclear motion.
Phonon energy of the r-vibration defined by ( 4 ·1) is generally very high for most of nuclei. Thus we should say as follows: Our assumption that the rotation and the vibration can be treated adiabatically, is justified in the results that the elongation of ;1 is not so large, as shown in Fig. 3 , and that the energy of the Fig. 3 . The values of (!3c~!3o)/!3o vs I are shown for some nuclei.
r-vibration is very high. These results are also consistent with the standpoints (1) and (2) .
The Davydov model is not applied satisfactorily to the states K = 0 and 4, but our model can apply to them as well as K = 2.
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